ABSTRACT. This paper studies two topologies on [6] to be the proper setting to study sequences of functions which converge uniformly on compact subsets. One of the distinguishing features of this topology is that whenever x is locally compact the compact-open topology on C(X) is the coarsest topology making the evaluation map e:X C(X)--. continuous (where e(x,])= f(x)).
on C*(X) which was studied in [5] . The purpose of this present work is to extend these ideas to two natural topologies on C(X), to study the properties of these topologies, and to relate these topologies to the compact-open topology and the topology of uniform convergence.
Let Ck(X and Cu(X denote C'(X) with the compact-open topology and the topology of uniform convergence, respectively. The definitions of the other two topologies that we study here are based on the fact that Ok(x) can topology on x. The symbols t and 1 denote the spaces of real number and natural numbers, respectively. Finally, the constant zero-function in C(X) is denoted by Jr0.
TOPOLOGIES OF UNIFORM CONVERGENCE.
In this first section we look at "uniform topologies" on C(X) in a general setting. This is done in terms of certain pseudo-seminorms on C(x). By a pseudo-seminorm on a real linear space g is meant a real-valued function p on E such that (1) For each A c, and f > 0, let A, {(I,9) eC(X)xC(X): lf(z)-9(z)l <e for all z A}.
Then it can be easily verified that the collection {Ae:A c,, > 0} is a base for some uniformity on C(X). We denote the space C(X) with the topology induced by this uniformity be Co, u(X For the converse, suppose that there is an A e a which is not bounded. Then there is an 115C(X) and {r.:n15N} _c A such that l(r.)_>n for each n. To show that scalar multiplication cannot be continuous in C,,,,,(X), let T be the scalar multiplication operator defined by T(t,g))= tg for 15 and # e C,.(X). We show that T is not continuous at (0,l). Let VA,, be a neighborhood of lo T((O,I)) in C,,,,(X), where A 15 a and 0 < < 1. Then for any neighborhood U of 0 in , there exists an hen such that neU. But xnI(..) > 1>, so that T((n,l))=I qtVa, .
As a consequence of Theorem 1.1, if every element of a is pseudocompact (a space is pseudocompact if every continuous real-valued function on the space is bounded), then C,,,,,(X) is a locally convex topological vector space. Conversely, if every element of a is C-embedded in x (that is, every continuous real-valued function on the subspace has a continuous extension to X) and if C,,,,(X) is a topological vector space, then every element of a is pseudocompact.
For the rest of the paper, we are interested in the particular topology where a is the set of acompact (countable union of compact) subsets of X. In this case, we denote the space C,,,,(X) by C,.(x). This is called the topology of uniform convergence on a-compact sets. Note that we get the same topology if we take the members of r, to be the closures of the r-compact subsets of X.
THE a-COMPACT-OPEN TOPOLOGY.
For THEOREM 2.3. For every space X, Ct(X <_ Co(X < Co, u(X < C,,(X).
It is well-known that C*(X) is dense in C(X). The same is true for "Co(X), as we see in the next result. Thus < I,X,e > is a neighborhood of I in C,,,,(X), so that C,,,,,(X)= C,,(X).
Conversely, let C,(x) C,,(x), and consider < I0,X,e > where 0 < e < EXAMPLE 3.10. Let X be the space of countable ordinals with the order topology. Then each a-compact subset of X has compact closure, but X does not contain a dense a-compact subset. Therefore C,(X) CAX) C,,,(X) < C,,(X). EXAMPLE 3.11. Let hi* fhi\hi, where fhi is the Stone-ech compactification of hi. Let 1 be a point of hi* which is not a P-point (cf. [11] ). Define X to be hi*\{p}. Then X is countably compact, but does not have a dense a-compact subset (since points are not G6-sets ). Also since p is not a P-point, there is some a-compact subset of x which has non-compact closure. Therefore c(x) < c(x) c,. (6) {Io} is a Gs-set in Co(X).
(7) X contains a dense a-compact subset. PROOF. That (7) implies (1) follows from Theorem 3.5 since C,,(x) is always completely metrizable.
To prove that (3) implies (7), suppose that X does not contain a dense a-compact subset. Now a Gn-set is a subset which can be written as a countable intersection of open subsets. So for each n 6N, let < f0,A,,,e, > be any basic neighborhood of Y0 in Co,,,(X ). We know that there is some z fi X\ tJ= A,. Let f 6 C(X) be such that f(z) and f(y) 0 for all y J.=A.. Then f Nn= < fo, An, 6n >" But since f # f0, we see that {f0} is not a G6-set in Co, u(X).
Since (6) implies (3) , it remains only to show that (7) implies (4) and (5) . Suppose that X contains a dense a-compact subset D. Let I be any element of Ca(X). We need to demonstrate that I has a countable base in Ca(X). We may take for $ the family of bounded open intervals in l with rational endpoints. Also let C be the closures of the members of 05. Then define .a {.f-(C)oD: e}.
Since D is a-compact, at is a countable subfamily of a(X). Since * is also countable, it now suffices to show that for each subbasic neighborhood [$,v] To complete the characterization of C,(X) being separable, we need the following lemma. choose ] e C(X) such that f,()= n and f(y)= 0 for all y 6-x\v,. Define f e C(X) by y(y)= f(y) if y 6-V and f(y) 0 otherwise. Since y is unbounded, this contradicts (X, r) being pseudocompact. 
